This paper examines the relation between aggregate elasticity of substitution (AES) and capital accumulation (the AES-K relation) in a general multi-sector Solow growth model with all CES production technologies. There are two intermediate goods produced by capital and labor, while the …nal good is produced by combining the two intermediate goods. The model of Papageorgiou and Saam (2008) is shown as a special case where labor inputs are speci…c to the intermediate-good sectors and capital is only used in producing one of the intermediate goods. As long as capital is used only in one sector, then it is found that a positive AES-K relation emerges ony if the ES between capita and labor are of the same sign as the ES between the intermediate goods, but with the latter having a larger magnitude as required by the restriction of capital-skill complementarity. This result emphasizes that we are able to have a positive AES-K relation in Papageorgiou and Saam (2008) . We also introduce the concepts of "global" versus "local" AES-capital relation and highlight that the AES …ndings of Miyagiwa and Papageorgiou (2007) are local ones. The general conclusion of our analysis is that while the global AES-K relation is non-monotone, the local AES-K relation crucially depend on whether capital and labor are gross substitutes or complements in the sectoral production.
Introduction
In the past decade, there has been a rising interest in understanding the relation between factor substitution and economic growth. The concept of substituting scarce production factor inputs by abundant ones has its long history in the growth literature. For instance, in his seminal paper, Solow (1956) has illustrated that unbounded growth is possible in a neoclassical growth model with an aggregate constant elasticity of substitution (CES) production function as long as the elasticity of substitution (ES) is above unity. However, empirically, it was widely recognized at the time that the Cobb-Douglas (CD) production function was the "right" speci…cation so that the elasticity of substitution is around unity. On the theoretical ground, there is an issue of "normalization" when one investigates the e¤ects of the ES on the balanced growth equilibrium in dynamic models that can lead to erroneous …ndings. 1 The normalization problem has not been solved until the work of de La Grandville (1989) and Klump and de La Grandville (2000) .
In the turn of the century, it is well documented that aggregate production technology is better estimated by a non-unitary CES function. For instance, using a panel of 82 countries, Du¤y and Papageorgiou (2000) conclude that the CD production function is rejected in favor of the CES one. 2 In addition, the recent literature on factor substitution and economic growth further elaborates the concept of normalization in studying the relation between ES and income growth. Klump and de La Grandville (2000) formally prove that faster factor substitutability yields higher steady-state output in the one-sector Solow growth model. Xue and Yip (2012) con…rm the robustness of this conclusion by examining it in other popular one-sector growth models.
In the one-sector growth models studied above, the ES is a simple concept in the sense that it is just a deep parameter in the CES function. However, when we examine multi-sector growth models, then the overall or aggregate elasticity of substitution (AES) becomes endogenous. What determines the AES becomes an interesting and important topic in the literature but little has been done so far. There has been some conjectures o¤ered by Hicks (1932 Hicks ( , 1963 which are enlightening: "...in a multisector economy, AES is greater, (a) the greater the intra-sectoral ES, (b) the greater the di¤ erence in factor intensity among sectors, (c) the greater the inter-commodity substitution by consumers, and (d) the greater the technological innovation that enhances intra-sectoral and inter-1 See the recent survey by Klump et al (2011) for an excellent discusion on the normalization issue. 2 For further evidence, see the survey by Chirinko (2008) . commodity substitution." [Miyagiwa and Papageorgiou (2007) 
, p.2901]
There is a literature on the variable elasticity of substitution (VES) that may relate to the endogeneity of the AES. For instance, Revankar (1971) speci…es that the AES is a linear positive function of capital which is an ad hoc relation. 3 The …rst attempt to explore an equilibrium relationship endogenously between the AES and capital is done by Miyagiwa and Papageorgiou (2007) .
In a multisector Solow model, Miyagiwa and Papageorgiou (2007) have shown that the AES is a weighted average of all the sectoral elasticities of substitution. The AES is further explored by Papageorgiou and Saam (2008) using a two-level, three-factor CES production technology. Interestingly, these papers obtain contradictory …ndings on the relation between the AES and capital accumulation. Based on numerical analysis, Miyagiwa and Papageorgiou (2007) conclude that "AES is positively related to the level of economic development" (p.2914). On the other hand, Papageorgiou and Saam (2008) obtain exactly opposing results: "... the aggregate elasticity of substitution is declining in k when the substitution parameters have opposing signs, which is an empirically relevant case. ... we assume a constant technology and constant skill levels, the result of a decreasing elasticity of substitution appears less surprising. Hicks In this paper, we attempt to clarify these seemingly inconsistent …ndings of the literature. This paper examines the relation between AES and capital accumulation in the general multisector Solow growth model of Miyagiwa and Papageorgiou (2007) . To provide tractable analysis, we adopt the CES speci…cation for the production technologies of both intermediate goods and the …nal good. We show that the model of Papageorgiou and Saam (2008) can be interpreted a special case of the general model where factors of production are all speci…c to the intermediate-good sectors. We also introduce the concepts of "global" versus "local" AES-capital relation and highlight that the AES …ndings of Miyagiwa and Papageorgiou (2007) are the local ones. The general conclusion of our analysis is that the e¤ects of capital accumulation on the AES crucially depend on whether capital and labor are gross substitutes or complements in the sectoral production. For instance, given unitary ES in the …nal good production, if capital and labor are gross complements in the production of the intermediate goods, the AES is positively related to the level of economic development. The 3 For an update of the literature on VES, see Karagiannis et al (2005) . intuition is as follows. With equal contribution of the intermediate goods in the …nal output production, an increase in the relative supply of capital (hence a fall in its productivity) lowers the demand for labor by more than the demand for capital when the factors are gross complements. As a results the relative marginal product of capital increases which translates into'a positive AES-K relation.
The organization of the paper is as follows. In the next section, we present our basic analytical framework and characterize the steady state. The concept of the AES is formally introduced. Section 3 examines analytically the special case where the intermediate goods are produced by CD technologies and the …nal-good production takes the CES speci…cation. Section 4 extends to the more complicated case where the intermediate goods are produced by CES technologies and the …nal-good production takes the CD speci…cation. Both analytics and numerical simulation are studied. Finally, there is a …fth concluding section.
The Model
Our analytical framework follows the general setup of Miyagiwa and Papageorgiou (2007) but with production technologies take the constant elasticity of substitution (CES) speci…cation. Consider an in…nite-horizon economy where time is discrete. At each period t, …rms use capital K t and labor L t to produce two di¤erent intermediate goods (X 1t and X 2t ) according to a CES technology:
The market-clearing conditions for the factors yield
The two intermediate goods, X 1t and X 2t , are then combined to produce a …nal good Y t , again using a CES production function:
; < 1 and 6 = 0.
In the following analysis, we adopt the normalization CES production function introduced by Klump and de La Grandville (2000): 4
where K i , L i , X i , Y , ! Ki , and 1 are arbitrarily chosen baseline values for normalization. 5 In the absence of the government sector, the resource constraint of the aggregate economy is given by
where C t is consumption, I t is gross investment and is the depreciation rate of capital. To derive the law of motion of capital, we adopt the …xed saving rate (s) of Solow (1956) and get
To simplify the analysis, we abstract from population growth and technical progress. Without loss of generality, we normalize L = 1. Finally, to close the model, we consider two extreme versions of factor allocation between the intermediate-good sectors. Speci…cally, we assume
where 1 k i ; l i 0: 6 One version is the case where perfect factor mobility applies so that factor prices are equalized across sectors to determine k i and l i endogenously. Another extreme case describes the speci…c factor model where k i and l i are exogenous constants. In the latter case, one can interpret that K 1t and K 2t (hence L 1t and L 2t ) are two di¤erent kinds of capital (labor) inputs used in the production of intermediate goods X 1t and X 2t respectively. 4 The importance of the normalization procedure for the CES production functions is well documented in the literature; see Klump and de La Grandville (2000) for an illustration. 5 When choosing the baseline values for normalization, we set K1 = K2, L1 = L2, X1 = X2 and !K1 = !K2. As a result, the production structures of intermediate goods sectors are symmetric if and only if 1 = 2. This assumption does not mean that the allocations of K1t and K2t (and hence L1t, L2t) are equal. 6 If k1 = 1 (or l1 = 1), then we must have k2 = 0 (l2 = 0) so that the share of K2 (L2) in the production of X2 is zero, i.e. !K2 = 0 (!L2 = 0).
Perfect Factor Mobility: Miyagiwa and Papageorgiou (2007)
We …rst study the conventional case where both factor inputs are fully mobile across the intermediategood sectors. Let r i and w i be the rental rate and wage rate in sector i, competitive factor markets imply: 7
where 1
, ! Li = 1 ! Ki , and i = 1; 2. From the de…nitions, we have 1 as the share of X 1 in the …nal good production and ! Ki as the capital share of the production of X i . Factor price equalization across sectors determine k i and l i endogenously:
The aggregate (or average) rental rate r and wage rate w are determined by
The AES ( ) is de…ned by
where b x denote the percentage change of variable x, i.e., b x = dx=x. According to Miyagiwa and Papageorgiou (2007) , the AES of this case, M P , is given by the simple weighted average of all three sectoral ES (see the appendix for the detailed calculations):
where
It is worth noting that in the special case where all three sectoral ES are identical, then the AES is just the common sectoral ES:
7 For notation simplicity, we suppress the time subscript for the analysis below.
Speci…c Factor Setup: Papageorgiou and Saam (2008)
When factors are speci…c towards sectors, we have k 1 and l 1 in (5) being …xed parameters. 8 Specifically, we reproduce the production structure of Papageorgiou and Saam (2008) so that only "unskilled" labor, L 2 , is used in producing X 2 . The other intermediate good X 1 is produced by "skilled" labor L 1 and capital K. As a result, we have k 1 = 1 and 1 > l 1 > 0 is the …xed fraction of population L that is skilled. So the production functions of the intermediate goods are
The …nal good production is then given by (3) and becomes:
which is the two-level CES function studied in Papageorgiou and Saam (2008) .
Again, competitive factor markets yield
Recall the AES de…ned by (9) and note that the aggregate wage rate, w, is determined by
We are then able to derive the AES of this case as (the algebraic details are given in the appendix):
Steady State Analysis
We denote the steady-state levels of the variables with an asterisk . From (3) and (4), we have 8 The general version of the speci…c factor case is presented in the appendix.
where the intermediate-good production becomes
Combining (16) and (17), we get
Denote g Kt to be the growth rate of K t , we have
The characterization of the steady state is given by the following proposition: 9
Proposition 1 For the Solow model with the two-level production technologies given by (1) and (3), the existence of the steady state k is guaranteed if the following condition holds:
In addition, if the steady state exists, it is unique.
Before closing this subsection, we provide a summary of the comparative static results of the ES parameters ( i ; ). It is straightforward to show that for any increase in the ES parameters, (k 1 ; k 2 ) rises so that the steady-state level of capital increases. As pointed out by Klump et al (2008) , the ES parameters "can thus be regarded as a determinant of the steady state just as important as the savings rate or the growth rate of the labor force." (p.655) 10 Remark 2 For an increase in any of the ES parameters ( i ; ), k rises. 9 The proof is given in the appendix. As shown by the Proposition below, it is possible to have unbounded growth given the CES production technologies. However, we will restrict our analysis only to a …nite steady state k . 1 0 See also Xue and Yip (2012) for a detailed discussion of this issue in one-sector growth models.
The AES in Transition
We now characterize and compare the AES-K relations of the two models. Analytically, the speci…c-factor model of Papageorgiou and Saam (2008) is analytically more tractable. Straightforward but tedious algebra yields the following AES-K relation for this model:
It is obvious that
For the relation between K and P S , we have the following results: 11
Proposition 2 In the Papageorgiou-Saam version of AES, the relation between K and P S depends on the sign of and 1 :
1. AES is declining in K, i.e.
d P S dK < 0, 1.1) if the substitution parameters take the opposing signs ( 1 < 0); or 1.2) if the substitution parameters take the same sign but
2. AES increases with K, i.e.
dK > 0, if the substitution parameters take the same sign and 2.1) > 1 > 0 and K < K P S ;or 2.2) 0 > 1 > and K > K P S ; where K P S satis…es
We then move to the perfect factor mobility case of Miyagiwa and Papageorgiou (2007) . However, the general model is analytically intractable, our analytics can focus on special cases. In order to make sensible comparison with Papageorgiou and Saam (2008), we …rst discuss the case where capital is used only in producing X 1 and hence k 1 = 1. The production functions of the two intermediate goods are given by (11) and (12), but with labor allocation determined by w 1 = w 2 .
Denote the AES of this special case as M P 1 . Then substituting the restrictions that k 1 = 1 and
The proof is given in the appendix.
The associated AES-K relation is:
so that we have
We then summarize our characterization of the relation between K and M P 1 as follows: 12 Proposition 3 In the special version of AES in Miyagiwa and Papageorgiou (2007) where capital is used only in sector 1, the relation between K and M P 1 depends on the sign of and 1 :
1.1) the substitution parameters take the opposing signs ( 1 < 0); or 1.2) the substitution parameters take the same sign but
> 0, if the substitution parameters take the same sign and
We are ready to compare the AES-K relations of the two models when capital is speci…c to sector 1. Figure 1 summarizes the …ndings of our analysis based on Propositions 2 and 3 above. 13 With capital skill complementarity where > 1 , then it is very likely that the AES-K relation is negative, especially for the case of perfect labor mobility of Miyagiwa and Papageorgiou (2007) .
In the relevant case of developed countries where > 0 > 1 , the AES-K relation is negative.
To obtain a positive AES-K relation, a necessary condition is that capital and labor are gross substitutes in the production of the intermediate good ( 1 > 0) in the presence of capital-skill complementarity.
[ Figure 1 about here]
The intution of these …ndings is not di¢ cult to understand. Consider the speci…c factor case of Papageorgiou and Saam (2008) . Under capital skill complementarity where > 1 and if 1 < 0, 1 2 Again, we delegate the proof to the appendix. 1 3 The algebric details of the derivation of are put in the appendix.
then it must be the case where > 0 > 1 . An increase in capital from investment results in an expansion of X 1 production and a contraction of X 2 production. This is the standard Rybczynski e¤ect so that the demand for labor rises in sector 1 (given 0 > 1 ) but falls in sector 2 (as labor is the only input). When > 0 so that the intermediate goods are gross substitutes in the …nal good production, the Rybczynski e¤ect is strengthened further. With constant marginal product of labor in sector 2, l 2 falls proportionately while the increase in ! K1 is less in magnitude (because of both the CES structure and the increase in L 1 ). Thus M P 1 rises and we get an inverse AES-K relation according to (20). Now suppose < 0 instead so that the intermediate goods are gross complements in the …nal good production (i.e., 0 > > 1 so that we still have 1 < 0). Now capital accumulation leads to an expansion of both X 1 and X 2 production. Other things equal, labor must move out from sector 1 to sector 2. This works against the Rybczynski e¤ect and l 2 can goes up. Thus it is possible to have a fall in M P 1 which makes the outcome of a positive AES-K relation possible.
An Analytical Example of Capital Mobility
In the basic model, we have seen that when capital is speci…c in the production of an intermediate good, the AES-K relation is very likely to be negative under plausible parameterization, as concluded in Papageorgiou and Saam (2008) . In this section, we study an analytical example based on the calibrated version of Miyagiwa and Papageorgiou (2007) Under this CD-CD-CES setting, we have
Then the AES is given by
The relations between k 1 , l 1 and K are
Therefore, the AES-K relation is given by
In summary, we have Proposition 4 When factors are perfectly mobile across intermediate-good sectors and the production technologies are Cobb-Douglas, the impact of K on AES depends on the relative factor intensity ( 1 and 2 ) and the relative factor ratio l 1 and k 1 . If
> 0 and if
To investigate further the AES-K relation, we recall the factor price equalization conditions (r 1 = r 2 and w 1 = w 2 ) and get
According to (25), we are able to obtain the following result on the existence and uniqueness of k c 1 that yields k 1 =l 1 = C : 15 1 5 The proof is given in the appendix. 
Combining our …ndings of Proposition 4 and Lemma 1, we present the AES-K relation as
Thus, we can conclude
Based on Lemma 2, as long as we can locate the time path of k 1 , we are able to determine the AES-K relation in transition. We establish the following proposition for our …ndings:
Proposition 5 Denote k 10 and k 1 to be the initial and steady-state levels of
By (23), we can come up with a one-to-one monotone relation between K and k 1 . Whether the relation is positive or negative depends on the sign of ( 1 2 ), i.e., depends whether the two intermediate goods are gross substitutes or complements, as well as the factor shares of the intermediate-good sectors. Speci…cally, recall (23), we have
Denote K c to be the critical level of K that corresponds to k C 1 C 1+ C , the following corollary provides a summary of our …ndings on the AES-K relation in transition in terms of capital:
Corollary 1 Denote K 0 and K to be the initial and steady-state levels of K. If max (K 0 ; K ) < K c , then 1+ C , where
Under capital-skill complementarity so that > 0, the "local" AES-K relation
Before closing the section, we recall the argument put forward by Klump and Saam (2008) that In what follows, we study three calibrated examples of Miyagiwa and Papageorgiou (2007) . 16 Consider the example where ( 1 ; 2 ) = (0:2; 0:7) and = 0:9. The steady-state level of k 1 is 0:351, which is higher than k C 1 = 0:248. Ignoring the initial level of k 1 , we can …rst conclude that the AES-K relation is positive around the steady state. This is consistent with the numerical …ndings of of Miyagiwa and Papageorgiou (2007) . Since ( 1 2 ) < 0, K and k 1 are inversely related so that if k 10 > k 1 > k C 1 , then K 0 < K < K c . Corollary 3 implies that the AES-K relation is positive on the left of the steady state. But if we are considering the initial capital stock to be on the right of the steady state, then it is possible to have K < K c < K 0 so that the AES-K relation becomes negative. Thus, the overall AES-K relation has an inverted-U shape. The intuition goes as follows.
Since the intermediate goods are gross substitutes ( > 0) and sector 1 is labor intensive ( 1 < 2 ), capital accumulation expands sector 2 due to both the Rybczynski e¤ect and the gross-substitute e¤ect. As a result, both capital and labor shares in the production of X 1 fall. But when the capital share in sector 1 is above the critical level k C 1 , then the decline in k 1 must be larger than the fall in l 1 . Thus the AES relation given by (22) yields a positive AES-K relation. However, when the capital share in sector 1 falls below the critical level k C 1 as capital being accumulated, then the decline in k 1 can be smaller than the fall in l 1 . In this case, we obtain a negative AES-K relation.
The same analysis can be applied to the case of ( 1 ; 2 ) = (0:1; 0:9) and = 0:9. In this sub-case, the steady-state level of k 1 is 0:041, which is less than k C 1 = 0:091. Again when the initial level of k 1 is below its steady-state level, we can conclude that both the global and local AES-K relations are negative.
We next examine the next example where ( 1 ; 2 ) = (0:2; 0:7) and = 0:5. The steady-state level of k 1 is 0:482, which is greater than k C 1 = 0:248. By Lemma 2, we can conclude that the AES-K relation is positive around the steady state. This is consistent with the numerical …ndings of of Miyagiwa and Papageorgiou (2007) . Since ( 1 2 ) < 0, K and k 1 are inversely related so that if k 10 > k 1 > k C 1 , then K 0 < K < K c . Corollary 3 implies that the AES-K relation is positive on the left of the steady state. But if we are considering the initial capital stock to be on the right of the steady state, then it is possible to have K < K c < K 0 so that the AES-K relation becomes 1 6 These examples are given in Figures 1, 2 negative. Thus, the overall AES-K relation should exhibit a hump shape. The same analysis can be applied to the case of ( 1 ; 2 ) = (0:1; 0:9) and = 0:5. In this latter sub-case, for K 0 to be large enough (e.g., K 0 = 20), we are able to obtain a negative AES-K relation. We provide our calibrated example of these sub-cases in Figure 2 . 17 [ Figure 2] Finally, consider the case where ( 1 ; 2 ) = (0:2; 0:7) and = 9. The steady-state level of k 1 is 0:598, which is greater than k C 1 = 0:248. By Lemma 2, we can conclude that the AES-K relation is positive around the steady state. This is consistent with the numerical …ndings of Miyagiwa and Papageorgiou (2007) . Since ( 1 2 ) > 0, K and k 1 are positively related so that if
Corollary 3 implies that the AES-K relation is positive on the right of the steady state. But if we are considering the initial capital stock to be on the left of the steady state, then it is possible to have K > K c > K 0 so that the AES-K relation becomes negative. Thus, the overall AES-K relation should exhibit an U shape. The same analysis can be applied to the case of ( 1 ; 2 ) = (0:1; 0:9) and = 9. In this latter sub-case, for K 0 to be small enough (e.g., K 0 = 0:2), we are able to obtain a negative AES-K relation. We provide our calibrated example of these sub-cases in 
2. Denote K to be the steady-state level of K; and K c the critical level of K that corresponds to
4 Calibration: The CES-CES-CD Structure
In this section, we examine the role of the sectoral ES in the determination of the AES-K relation.
To keep the analysis as tractable as possible, we assume the …nal-good production technology to be Cobb-Douglas. With = 0 and i 6 = 0, we have 1 = and 2 = 1 ;
and the AES is given by
Recall that
, the e¤ects of an increase of K on k i and l i are
It is straightforward to calculate that
From the factor-price-equalization conditions, i.e. w 1 = w 2 and r 1 = r 2 , we obtain
By choosing the same baseline values for normalization across the intermediate-good sectors, we get 1 = 2 and A 1 = A 2 . As a result, we have 18
Proposition 8 When 1 = 2 = , we have
The AES-K relation is independent of K.
This special case sets the benchmark of the general analysis. When the intermediate goods are
neither gross complements nor substitutes ( = 0), then the AES depends on the sector ES ( i ).
If the sectoral ES are identical, then capital accumulation does not alter both the factor income shares and factor ratios so that the AES remains unchanged.
The
General Case: 1 6 = 2
In the general case where 1 6 = 2 , the analytics are not tractable and we need to move to numerical analysis. We choose the baseline value for normalization as K i = 1, L i = 0:5, X i = 1, and ! Ki = 0:3. In addition, we follow Miyagiwa and Papageorgiou (2007) to have s = 0:3 and = 0:1.
Finally, we set B = 1 and = 0:5 for the …nal good sector.
We calibrate the CES-CES-CD model based on di¤erent values of 1 and 2 . Before presenting individual cases for a discussion, we …rst summarize the general …ndings based on numerous cases of the computation. There are two robust results from the calibration exercise:
1. If both 1 and 2 are negative, then the local AES-K relation is always positive.
2. If the local AES-K relation is negative, then at least one of the i is relatively large.
We summarize our numerical …ndings in the following proposition:
Proposition 9 Under the CES-CES-CD structure of the Solow model, we have 1. If capital and labor are gross complements ( i < 0) in the production of both intermediate goods,
then the local AES-K relation is always positive.
2. If the local AES-K relation is negative, then capital and labor are gross substitutes ( i > 0) in the production of at least one of the intermediate goods.
We now select some representative cases for further discussion. Figure 4 examines the case where 1 = 1 and 2 = 0:6. As we have previewed the result in the above proposition, this case yields a positive local AES-K relation. One interesting observation is that the global AES-K relation is U-shaped. As a result, for the relevant case of Klump and Saam (2008) where
then it is possible to have a negative AES-K relation before approaching the steady state. We then calibrate a second case where 2 is raised to 0:8. As illustrated in Figure 5 , the local AES-K relation becomes negative. But now the global AES-K relation is hump-shaped, so once again the local AES-K relation may start from positive and then changes sign before approaching the steady state. In the next case, we tune down 2 slightly by reducing it to 0:6. The result is given in Figure   6 . similar to the …rst calibrated case, we get a positive local AES-K relation. however, unlike it, the global AES-K relation is hump-shaped as in the previous case. So for the current example, for K > K 0 , both the global and local AES-K relations are positive. Finally, Figure 7 calibrates the case where 1 = 0:1 and 2 = 0:1. the unique feature of this case is that the global (hence local)
AES-K relation is monotone and positive.
[ Figure 4 -7]
What can we learn from the above numerical examples? Several interesting issues on the AES-K relation can be highlighted. First of all, in our numerical examples, when i < 0, the global AES-K relation is always U-shaped while the local AES-K relation is positive. So the global and local AES-K relations are di¤erent in transition when capital and labor are gross complements.
Secondly, if the local AES-K relation is negative, then capital and labor have to be strong gross substitutes ( i 0) at least in the production of one of the intermediate goods. In addition, when capital and labor are strong gross substitutes, the global AES-K relation needs not be U-shaped.
As shown in our examples, the global AES-K relation can be either hump-shaped or monotonically increasing. As a matter of fact, in all our calibrated examples where i > 0, the global AES-K relation is always hump-shaped. In order to have consistent global and local AES-K relations, we must have capital and labor being gross substitutes at least in the production of one of the intermediate goods.
Concluding Remarks
In this paper, we have examined the AES-K relation in a multisector Solow make clear that it is capital mobility that contributes to a positive AES-K relation.
Finally, in order to explore the role of sectoral ES in the determination of the AES-K relation, we move to a more general case where the production structure takes a CES-CES-CD speci…cation. In this general setting, the only analytical result that we obtain is that when the ES of the intermediate- 
A Appendix

A.1 The Derivation of the AES
Di¤erentiating equation (1) and the de…nitions of i and ji , we obtain
For the rental rate and wage rate, we have
And for market-clearing conditions for the factors become as
The aggregate rental rate and wage rate are
are the shares of aggregate capital and aggregate labor respectively.
A.1.1 Perfect Factor Mobility
If factor is perfectly mobile, its prices across sectors are equated. As a result, k 1 and l 1 are determined endogenously as a function of or K (since L is normalized to 1) from the following two factor-price-equalization equations
(A.8)
Therefore, b k 1 and b l 1 could be rewritten as a function of b . In particular, they are
In sequence, b r and b w are only functions of b , which gives the expression of AES as
A.1.2 Speci…c Factor Setting
In this case, the allocations of di¤erent factors, k 1 and l 1 , are exogenous given. As a result, the relative share of intermediate factor share K i =K (L i =L) are …xed and
Substitute these conditions into the expressions for b w i and b r i to obtain that
Therefore, AES in this case is
It is obvious that P&S (2008) is a special case where k 1 = 1. As a result, 1 ! K1 = K , ! L2 = 1 and ! K2 = 0. Thus we have P S 2 = 0 and the AES is reduced to
A.2 Proof of Proposition 1
Recalling (18), we have
For i > 0, we have
For i < 0, we have
The results follow.
The uniqueness condition for the steady state requires that the output-capital ratio be decreasing in k. From (1) and (3), we have
In the case of Miyakiwa and Papageorgiou (2007), the factor-price-equalization conditions (8) implies that the coe¢ cients of all the indirect e¤ects are zero (an application of the envelope theorem).
With just the direct e¤ect, then uniqueness is obtained because
For the special case studied by Papageorgiou and Saam (2008) where k 1 = 1, ! K2 = 0, and l i are exogenously given, we have
Thus the output-capital ratio is decreasing in k:
so that the steady state is unique.
A.3 The Proof of Proposition 2
If 6 = 1 , in order to have
e. 1 and need to be the same sign.
It is obvious that if 1 and are in oppositing signs,
From the de…nitions of 1 and ! K1 , we know that
Furthermore, we know that
As a result, there exists a critical value of K P S such that K = 1 , and for K < K P S we have
dK > 0 and for K > K P S we have
There also exists a critical value of K P S such that
dK < 0 and for K > K P S we have
A. 4 The Proof of Proposition 3 If and 1 take in the opposing signs, we will have
Furthermore, we know that there exists a critical K c such that
If > 1 > 0, we will always have d K dK > 0, i.e. for K < K M P 1 ,
> 0 and for K > K M P 1 ,
If < 1 < 0, we can rewrite the expression as
If ( A.5 The Derivation of Figure 1 In the Papageorgiou-Saam version of AES, we can rewrite (19) for the critical value K P S as P S 1 = K :
where K K P S ; ; 1 = K 2 (0; 1). Therefore, for given > 1 > 0 or < 1 < 0, we have a unique K P S satis…ed K K P S ; ; 1 = K , since K is monotone in K.
In the speci…c-capital version of AES in Miyagiwa and Papageorgiou (2007) , based on (21), we can express 1 as
For given > 1 > 0 or < 1 < 0, we have a unique K M P 1 that satis…es K K M P 1 ; ; 1 = K , since K is monotone in K.
Then given K and (hence K ), we get 
A.6 The Proof of Lemma 1
Reproducing (25), we have
It is straightforward to compute the following results:
Since C 2 n min h C 2 ; 1 i ; max h C 2 ; 1 io , the intermediate value theorem then implies the result.
Next, by (25), we can get
Thus, k c 1 can be derived as follows:
A.7 Proof of Proposition 8
From (28), we have
Combining (28) and (29), we get
Also note that from r 1 = r 2 , we have
which implies that k 1 = l 1 = and k 2 = l 2 = 1 :
Substituting these relations between k i , l i into i , we …nd
As a result, (27) yields d M P 3 dK = 0. 
